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Abstract
We investigate the Wightman function, the bulk-to-boundary propagator, the mean field
squared and the vacuum expectation values of energy-momentum tensor for a scalar field
in AdS spacetime, in the presence of a brane perpendicular to the AdS boundary. On
the brane the field operator obeys Robin boundary condition. The vacuum expectation
values are decomposed into the boundary-free AdS and brane-induced contributions. In
this way, for points away from the brane, the renormalization is reduced to the one in
pure AdS spacetime. It is shown that at proper distances from the brane larger than the
AdS curvature radius the brane-induced expectation values decay as power-law for both
massless and massive scalars. This behavior is in contrast to that for a plane boundary in
Minkowski spacetime, with an exponential decay for massive fields. For Robin boundary
conditions different from Dirichlet and Neumann ones, the brane-induced part in the energy
density is positive near the brane and negative at large distances. For Dirichlet/Neumann
boundary condition the corresponding energy density is negative/positive everywhere. We
show that, for a fixed value of the proper distance from the brane, near the AdS boundary,
the Neumann boundary condition is an ”attractor” in the general class of Robin boundary
conditions, whereas Dirichlet boundary condition is an ”attractor” near the horizon.
PACS numbers: 04.62.+v, 04.50.-h, 11.10.Kk
1 Introduction
Anti-de Sitter (AdS) spacetime is among the most popular geometries in quantum field theory
on curved backgrounds. This interest is motivated by several reasons. First of all, because of its
high symmetry, many problems are exactly solvable on AdS bulk and this may shed light on the
influence of a classical gravitational field on the quantum matter in more general geometries. The
importance of AdS spacetime as a gravitational background increased by its natural appearance
as a stable ground state solution in extended supergravity and in string theories. The AdS
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geometry plays a crucial role in two exciting developments in theoretical physics of the last 20
years such as the AdS/CFT correspondence and the braneworld scenario. The first one, the
AdS/CFT correspondence [1] (see [2] for a review), represents a realization of the holographic
principle and relates string theories or supergravity in the AdS bulk with a conformal field theory
living on its boundary. It enables to study conformal field theory and non-perturbative quantum
gravity at the same time. The braneworld scenario (for reviews on braneworld gravity see [3])
offers a new perspective on the hierarchy problem between the gravitational and electroweak
mass scales. In the corresponding models, our world is represented by a sub-manifold, a three-
brane, embedded in a higher dimensional spacetime and the small coupling of four-dimensional
gravity is generated by the large physical volume of extra dimensions.
The investigations of quantum effects both in AdS/CFT and braneworld setups are of con-
siderable interest in particle physics and in cosmology. An inherent feature in these setups is the
presence of boundaries and the fields which propagate in the bulk will give Casimir-type con-
tributions to the vacuum expectation values of physical observables (for reviews of the Casimir
effect see [4]). In particular, in braneworld scenario, vacuum forces arise acting on the branes
which, depending on the type of a field and boundary conditions imposed, can either stabilize or
destabilize the braneworld. The Casimir energy gives a contribution to both the brane and bulk
cosmological constants and, hence, has to be taken into account in the self-consistent formulation
of the corresponding models. Motivated by these issues, the quantum vacuum effects induced by
branes in AdS bulk have received a great deal of attention. The Casimir energy and the forces
for parallel branes are investigated both for scalar and fermionic fields [5]. Local Casimir den-
sities are discussed in [6]. Quantum vacuum effects in higher-dimensional generalizations of the
AdS spacetime with compact internal spaces have been studied in [7]. The vacuum polarization
induced by a cosmic string in AdS spacetime is investigated in [8] for both scalar and fermionic
fields.
In the most of the papers cited above the branes are considered to be parallel to the AdS
boundary. Recently, there have been some attempts to extend AdS/CFT correspondence to the
case with boundaries in CFT side [9]. In an effective description of the corresponding holographic
dual (AdS/BCFT correspondence) a boundary is introduced in AdS bulk which crosses the AdS
boundary and is anchored at the boundary of CFT. In the construction of [9], on the boundary
in AdS bulk, the Neumann boundary condition is imposed in the gravity sector. Another class
of problems with boundaries in the bulk crossing the AdS boundary, recently appeared related
to a geometric procedure for the evaluation of the entanglement entropy in the context of the
AdS/CFT correspondence suggested in [10] (for an overview see [11]). In accordance with this
procedure, the entanglement entropy for a bounded region in CFT with respect to its spatial
complement is expressed in terms of the area of the minimal surface in the bulk, anchored at
the boundary of that region. In quantum field theory, the boundaries in both AdS and CFT
will lead to the shifts in the expectation values of physical quantities describing the properties
of the vacuum. These effects should be taken into account in discussions of the stability of the
corresponding models.
In the present paper, for a scalar quantum field with general curvature coupling parameter,
we consider an exactly solvable problem with a flat brane in AdS spacetime perpendicular to its
boundary. This model is a holographic dual of BCFT defined on a half-space. In order to clarify
the role of the boundary condition, we impose on the field operator a general Robin condition.
Our main interest will be the changes in the properties of the quantum vacuum induced by
the presence of the brane. The important quantities that characterize the local properties of
the vacuum are the expectation values of the field squared and energy-momentum tensor. The
latter serves as a source in the right-hand side of semiclassical Einstein equations and plays an
important role in considerations of the back-reaction from quantum effects.
The organization of the paper is as follows. In the next section we evaluate the positive-
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frequency Wightman function and the bulk-to-boundary propagator. The corresponding ex-
pressions are explicitly decomposed into the boundary-free and brane-induced contributions.
On the base of this, in sections 3 and 4 we investigate the mean field squared and the vacuum
expectation value of the energy-momentum tensor. Various asymptotics for the brane-induced
contributions are discussed and the corresponding results are compared with those for a Robin
plate in Minkowski spacetime. Section 5 summarizes the main results of the paper.
2 Two-point functions
Let us consider a scalar field ϕ(x) on background of a (D+1)-dimensional AdS spacetime with
the curvature radius α. The corresponding line element will be taken in the form
ds2 = gikdx
idxk = e−2y/αηµνdx
µdxν − dy2, (1)
where ηµν = diag(1,−1, . . . ,−1) is the metric tensor for theD-dimensional Minkowski spacetime,
i, k = 0, 1, . . . ,D, and µ, ν = 0, 1, . . . ,D − 1. For a field with the curvature coupling parameter
ξ the field equation has the form
(gik∇i∇k +m2 + ξR)ϕ(x) = 0, (2)
where∇i is the covariant derivative operator and R is the Ricci scalar. The latter is related to the
curvature radius as R = −D(D+1)/α2. For special cases of minimally and conformally coupled
scalars one has ξ = 0 and ξ = ξD = (D− 1)/(4D), respectively. By a coordinate transformation
z = αey/α the line element (1) is written in a conformally-flat form ds2 = (α/z)2ηikdx
idxk with
xD = z and with the conformal factor (α/z)2. In terms of the coordinate z, the AdS boundary
and the horizon are presented by the hypersurfaces z = 0 and z =∞, respectively.
Our main interest in this paper are the vacuum expectation values (VEVs) of the field squared
and of the energy-momentum tensor in the presence of a flat brane at x1 = 0. In what follows,
for definiteness, we shall consider the region x1 > 0. The boundary-induced contributions in
the VEVs of the field squared and of the diagonal components of the energy-momentum tensor
are symmetric under the reflection x1 → −x1, whereas the off-diagonal component 〈T 1D〉b (see
below) changes the sign. On the brane we impose the Robin boundary condition
(1 + β∂1)ϕ(x) = 0, x
1 = 0, (3)
with a constant coefficient β. The corresponding results for Dirichlet and Neumann boundary
conditions are obtained as special cases corresponding to β = 0 and β =∞. The geometry under
consideration presents a holographic description of a BCFT living on the hypersurface z = 0,
x1 > 0. The Robin boundary condition naturally arises for scalar bulk fields in braneworld
models. The parameter β encodes the properties of the brane. For example, in the Randall-
Sundrum braneworld models with the branes parallel to the AdS boundary, this coefficient is
expressed in terms of the curvature coupling parameter and brane mass terms for a scalar field
[12].
2.1 Wightman function
The imposition of the boundary condition modifies the spectrum for the vacuum fluctuations of
quantum fields. As a consequence, the VEVs of physical quantities are shifted with respect to
the VEVs in the boundary-free geometry. The renormalized VEVs of bilinear combinations of
the field operator are obtained from the two-point functions after an appropriate renormalization
procedure. In this section, we shall evaluate the positive-frequency Wightman function,
W (x, x′) = 〈0|ϕ(x)ϕ(x′)|0〉, (4)
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where |0〉 stands for the vacuum state. This function also determines the response of Unruh-
DeWitt-type particle detectors interacting locally with a quantum field under consideration (see,
for instance, [13]). For the evaluation of the Wightman function we shall employ the direct sum-
mation approach over a complete orthonormal set of mode functions {ϕσ(x), ϕ∗σ(x)}, specified
by a set of quantum numbers σ and obeying the boundary condition (3). The corresponding
mode-sum formula reads
W (x, x′) =
∑
σ
ϕσ(x)ϕ
∗
σ(x
′), (5)
where
∑
σ includes summation over discrete quantum numbers and the integration over contin-
uous ones.
In the problem under consideration, the mode functions can be presented in the factorized
form
ϕσ(x) = Cz
D/2Jν(γz) cos[λx
1 + α0(λ)]e
ikx−iωt, (6)
where x = (x2, . . . , xD−1), k = (k2, . . . , kD−1), k = |k|, and
ω =
√
k2 + λ2 + γ2. (7)
In (6), Jν(x) is the Bessel function with the order
ν =
√
(D/2)2 −D(D + 1)ξ +m2α2. (8)
For a conformally coupled massless scalar one has ν = 1/2 and Jν(x) =
√
pi/2x sinx. For
imaginary ν the ground state becomes unstable [14] and, in what follows, we shall assume that
this parameter is real. Note that in defining the modes (6) we have imposed Dirichlet boundary
condition on the AdS boundary.
From the boundary condition (3) for the function α0(λ) one finds
e2iα0(λ) =
iβλ− 1
iβλ+ 1
. (9)
For β > 0, in addition to the modes (6), there is a mode with the dependence on the coordinate x1
in the form e−x
1/β which describes a bound state. For this mode one has ω =
√
k2 + γ2 − 1/β2
and there is a region in the space (γ, k) where the energy of the mode becomes imaginary. This
signals about the instability of the vacuum. Here the situation is essentially different from that
for a plate in Minkowski spacetime. In the latter geometry, for a massive scalar field, under the
condition β > 1/m, the bound state has a positive energy and the vacuum is stable. In the
discussion below we shall assume that β < 0.
The coefficient C in Eq. (6) is determined from the orthonormality condition
∫
dDx
√
|g|g00ϕσ(x)ϕ∗σ′(x) =
δσσ′
2ω
, (10)
and is given by the expression
|C|2 = 2γ
(2piα)D−1 ω
. (11)
In (10), the integration with respect to x1 goes over 0 6 x1 <∞.
Substituting the eigenfunctions (6) into the mode sum (5), for the Wightman function one
finds
W (x, x′) = W0(x, x
′) +
(zz′)D/2
(2piα)D−1
∫
dk
∫ ∞
0
dγ
∫ ∞
0
dλ
γ
ω
×Jν(γz)Jν(γz′) cos[λ(x1 + x1′) + 2α0(λ)]eik∆x−iω∆t. (12)
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where ∆x = x− x′, ∆t = t− t′. Here,
W0(x, x
′) =
(zz′)D/2
2(2piα)D−1
∫
dkD−1
∫ ∞
0
dγ
γ
ω0
Jν(γz)Jν(γz
′)eikD−1∆xD−1−iω0∆t, (13)
is the Wightman function in AdS spacetime in the absence of the boundary at x1 = 0 (for
two-point functions in AdS spacetime see [15, 16]). In (13), xD−1 = (x
1, x2, . . . , xD−1), kD−1 =
(k1, k2, . . . , kD−1) and ω0 =
√
|kD−1|2 + γ2. The boundary-free Wightman function is expressed
in terms of the hypergeometric function as
W0(x, x
′) =
α1−Dfν(u−)
2D/2+ν+1piD/2
, (14)
where, for the further convenience, we have introduced the notation
fν(u) =
Γ(ν +D/2)
Γ(ν + 1)uν+D/2
2F1
(
D + 2ν + 2
4
,
D + 2ν
4
; ν + 1;
1
u2
)
, (15)
and
u− = 1 + [(∆z)
2 + (∆xD−1)
2 − (∆t)2]/(2zz′). (16)
Note that the quantitiy u− is expressed in terms of the geodesic distance σ(x, x
′) between the
points x and x′ by the relation u− = cosh(σ(x, x
′)/a) for (∆z)2 + (∆xD−1)
2 > (∆t)2 and by
u− = cos(σ(x, x
′)/a) for (∆z)2 + (∆xD−1)
2 < (∆t)2.
The second term on the right-hand side of Eq. (12) is induced by the brane at x1 = 0. For
the further transformation of this part we write
cos[λ(x1 + x1′) + 2α0(λ)] =
1
2
∑
j=±1
ejiλ(x
1+x1′) iβλ− j
iβλ+ j
,
and rotate the integration contour over λ by angle jpi/2 for the term with ejiλ(x
1+x1′). After
integration over the angular part of k, the Wightman function is presented in the form
W (x, x′) = W0(u) +
α1−D(zz′)D/2
(2pi)D/2 |∆x|D/2−2
∫ ∞
0
dk kD/2−1JD/2−2(k|∆x|)
×
∫ ∞
0
dγ γJν(γz)Jν(γz
′)
∫ ∞
0
dx cosh(∆tx)
e−w(x
1+x1′)
w
βw + 1
βw − 1 , (17)
where w =
√
x2 + k2 + γ2.
The expression for the Wightman function is further simplified for special cases of Dirichlet
and Neumann boundary conditions. The corresponding integral over k is expressed in terms of
the MacDonald function. Next, we integrate over x, that again gives the MacDonald function.
And finally, after the integration over γ, we come to the expression
W (x, x′) =W0(x, x
′)∓ α
1−Dfν(u+)
2D/2+ν+1piD/2
, (18)
where upper/lower signs correspond to Dirichlet/Neumann boundary conditions and
u+ = 1 + [(∆z)
2 + (x1 + x1′)2 + |∆x|2 − (∆t)2]/(2zz′). (19)
The quantity u+ is expressed in terms of the geodesic distance between the points (t, x
1,x, z)
and (t′,−x1′,x′, z′). The latter is the image point of (t′, x1′,x′, z′) with respect to the brane.
For points away from the brane the local geometry is the same as that for the AdS space-
time in the absence of the brane. As a consequence of this, the divergences in the VEVs of
the blinear combinations of the field operator (field squared, energy-momentum tensor) in the
coincidence limit come from the boundary-free part of the Wightman function. Hence, with the
decompositions (17) and (18), the renormalization of those VEVs is reduced to the ones in the
boundary-free geometry.
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2.2 Bulk-to-boundary propagator
By using the mode functions given above we can also evaluate the bulk-to-boundary propagator
which is among the central objects in the AdS/CFT correspondence. The latter is usually
discussed in Euclidean signature. In terms of the coordinate z, the corresponding line element
is written as ds2 = (α/z)2[(dx1)2 + (dX)2 + dz2], where X = (X0,x). The solutions of the field
equation, which obey the boundary condition (3) and do not diverge in the limit z →∞, have
the form
ϕEσ(x) = CEz
D/2Kν(γz) cos[λx
1 + α0(λ)]e
iKX, (20)
where Kν(x) is the Macdonald function and γ =
√
K2 + λ2. Now, the general solution of the
field equation is presented as
ϕ(XD, z) =
zD/2
2ν−2Γ(ν)
∫
dD−1Kdλγνϕ(0)(λ,K)Kν(γz) cos[λx
1 + α0(λ)]e
iKX, (21)
where XD = (x
1,X). By taking into account that for β < 0 the functions cos[λx1+α0(λ)] form
a complete set we can write
ϕ(0)(λ,K) =
1
2D−1piD
∫
dD−1X′
∫ ∞
0
dx1′ϕ(0)(x
1′,X′) cos[λx1′ + α0(λ)]e
−iKX′ . (22)
Substituting this into (21) one finds the following relation
ϕ(XD, z) =
∫
dD−1X′
∫ ∞
0
dx1′G(XD;X
′
D, z)ϕ(0)(x
1′,X′), (23)
with the bulk-to-boundary propagator
G(XD;X
′
D, z) =
23−νzD/2
(2pi)DΓ(ν)
∫
dD−1K
∫ ∞
0
dλγνKν(γz)
× cos[λx1 + α0(λ)] cos[λx1′ + α0(λ)]eiK∆X, (24)
and ∆X = X − X′. For small z, to the leading order, from (23) one gets ϕ(XD, z) ≈
zD/2−νϕ(0)(x
1,X). In the AdS/CFT correspondence, ϕ(0)(x
1,X) ≡ ϕ(0)(XD) is interpreted
as the source for a dual scalar operator. Note that the coefficient in (21) is chosen so that the
expression zD/2−νϕ(0)(XD) for the leading term is obtained.
The propagator (24) can be presented in the form
G(XD;X
′
D, z) = G0(XD;X
′
D, z) +
21−νzD/2
(2pi)DΓ(ν)
∫
dD−1K
×
∫ ∞
−∞
dλ γνKν(γz)
iβλ − 1
iβλ + 1
eiλ(x
1+x1′)eiK∆X, (25)
where
G0(XD;X
′
D, z) =
21−νzD/2
(2pi)DΓ(ν)
∫
dDKD |KD|νKν(|KD|z)eiKD∆XD
=
pi−D/2Γ(ν +D/2)zν+D/2
Γ(ν) (|∆XD|2 + z2)ν+D/2
, (26)
with ∆XD = XD−X′D, is the bulk-to-boundary propagator in the geometry without the brane
[17]. The second term in the right-hand side of (25) is induced by the brane.
For Dirichlet and Neumann boundary conditions the brane-induced contribution in (25) is
evaluated as∓G0(XD;X(−)′D , z), whereX(−)′D = (−x1′,X′). This result could be directly obtained
by the image method. The bulk-to-boundary propagator in these relatively simple special cases
has been discussed in [18].
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3 Mean field squared
The VEV of the field squared is obtained from the Wightman function in the coincidence limit,
x′ → x, and is decomposed as
〈ϕ2〉 = 〈ϕ2〉0 + 〈ϕ2〉b. (27)
Here 〈ϕ2〉0 is the renormalized VEV in the boundary-free AdS spacetime and 〈ϕ2〉b is the con-
tribution induced the brane. By using (17), for the brane-induced contribution one has the
expression
〈ϕ2〉b = 4α
1−DzD
(4pi)D/2 Γ(D/2− 1)
∫ ∞
0
dk kD−3
∫ ∞
0
dγ γJ2ν (γz)
×
∫ ∞
0
dx
e−2wx
1
w
βw + 1
βw − 1 , (28)
with w =
√
x2 + k2 + γ2. As a consequence of the maximal symmetry of AdS spacetime, the
boundary-free part does not depend on the spacetime point. This VEV has been investigated
in the literature [15]-[20]. Here, we shall be mainly concerned with the boundary-induced part,
given by (28).
For the further transformation of the brane-induced contribution we introduce polar coor-
dinates (r, θ) in the plane (k, x). The integration over the angle θ is done explicitly. Then, we
introduce polar coordinates (w, θ′) in the plane (r, γ). Introducing a new integration variable
τ = sin θ′, we get
〈ϕ2〉b = (4pi)
(1−D)/2 zD
Γ((D − 1)/2)αD−1
∫ ∞
0
dwwD−1e−2wx
1 βw + 1
βw − 1
∫ 1
0
dτ τ(1− τ2)(D−3)/2J2ν (zwτ). (29)
For the integral over τ one has [21]
∫ 1
0
dτ τ(1− τ2)(D−3)/2J2ν (uτ) =
Γ((D − 1)/2)
22ν+1
u2νFD/2ν (u), (30)
with the notation
Fµν (u) =
1F2
(
ν + 1/2; ν + µ+ 1/2, 2ν + 1;−u2)
Γ(ν + µ+ 1/2)Γ(ν + 1)
, (31)
where 1F2 is the hypergeometric function. So, for the brane-induced contribution one gets
〈ϕ2〉b = 2
−2ν−1α1−D
(4pi)(D−1)/2
∫ ∞
0
dxxD+2ν−1e−2xx
1/zFD/2ν (x)
xβ/z + 1
xβ/z − 1 . (32)
As is seen, the VEV depends on x1, β, z, in the form of the dimensionless ratios x1/z and β/z.
This property is a consequence of the maximal symmetry of AdS spacetime. Note that the ratio
x1/z is the proper distance from the brane, αx1/z, measured in units of the AdS curvature
radius α.
In the case of Dirichlet and Neumann boundary conditions we get
〈ϕ2〉b = ∓ α
1−Dfν(u)
2D/2+ν+1piD/2
, (33)
where the notation
u = 1 + 2(x1/z)2 (34)
is used. For these boundary conditions the VEV of the field squared is a function of the proper
distance from the brane alone. As is seen from (32), for a fixed value of the proper distance
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from the brane, αx1/z, near the AdS boundary, z → 0, the Neumann boundary condition is an
”attractor” in the general class of boundary conditions specified by the parameter β, whereas
Dirichlet boundary condition is an ”attractor” near the horizon, corresponding to z →∞.
The VEV of the field squared for a plate in Minkowski spacetime is obtained from (32)
in the limit α → ∞ for a fixed value of the coordinate y. In this case, in the leading order,
one has ν ≈ mα and z ≈ α. Introducing in (32) a new integration variable w = x/α, we
see that in the limit under consideration both the order and the argument of the function
F
D/2
ν (αw) ≈ FD/2ν (νw/m) are large. The corresponding uniform asymptotic expansion can be
obtained by making use of the relation (30) and the expansion for the Bessel function. In this
way it can be seen that for w < m the function F
D/2
ν (νw/m) is exponentially suppressed for
large ν and the dominant contribution to the integral for 〈ϕ2〉b comes from the region w > m.
In this region, for ν ≫ 1, to the leading order one gets
FD/2ν (νw/m) ≈
22ν [1− (m/w)2]D/2−1√
piΓ(D/2)(νw/m)2ν+1
. (35)
Substituting this into the expression for the field squared, we find 〈ϕ2〉b ≈ 〈ϕ2〉(M)b with
〈ϕ2〉(M)b =
(4pi)−D/2
Γ(D/2)
∫ ∞
m
dx e−2xx
1 (
x2 −m2)D/2−1 xβ + 1
xβ − 1 , (36)
being the corresponding VEV for a plate in Minkowski spacetime (for the VEVs in the geometry
of a single and two parallel Robin plates in Minkowski spacetime see [22]).
The general expression of the field squared, given by (32), is simplified in the asymptotic
regions. At small proper distances from the brane, compared with the AdS curvature radius,
one has x1/z ≪ 1 and the dominant contribution in (32) comes from large values of x. For these
values one has the asymptotic expression
Fµν (x) ≈
22νx−2ν−1√
piΓ(µ)
, x≫ 1, (37)
and from (32), in the leading order, we find
〈ϕ2〉b ≈ (z/α)D−1 〈ϕ2〉(M)b |m=0. (38)
If, in addition, x1/|β| ≪ 1, one gets
〈ϕ2〉b ≈ Γ((D − 1)/2)
(4pi)(D+1)/2
( z
αx1
)D−1
. (39)
For Dirichlet boundary condition, β = 0, the leading term in the asymptotic expansion near the
brane is given by (39) with the opposite sign. Note that, for a fixed value x1, the expression in
the right-hand side of (39) provides the leading term near the AdS horizon, z →∞. As is seen,
for x1 6= 0, the brane-induced VEV diverges on the horizon as zD−1.
At large proper distances from the brane compared with the AdS curvature radius, x1/z ≫ 1,
the dominant contribution in (32) comes from small values of x. By taking into account that
FD/2ν (x) ≈
1
Γ((D + 1)/2 + ν)Γ(1 + ν)
, x≪ 1, (40)
and assuming that |β|/x1 ≪ 1 to the leading order one gets
〈ϕ2〉b ≈ − α
1−DΓ(D/2 + ν)
2piD/2Γ(1 + ν)(2x1/z)D+2ν
. (41)
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For Neumann boundary condition, β =∞, the leading term coincides with (41) with the opposite
sign. Note that the decay of the boundary-induced contribution at large distances from the
brane, as a function of the proper distance αx1/z, is power-law for both massless and massive
fields. This is in clear contrast with the case of the problem in Minkowski bulk (for a similar
feature for a Robin boundary in de Sitter spacetime see [23]). In the latter geometry the
boundary-induced VEV (see (36)) decays as 1/(x1)D−1 for a massless field and is exponentially
suppressed (as e−2mx
1
) for a massive field. From (41) it follows that, for a given x1, the brane-
induced contribution in the VEV of the field squared vanishes on the AdS boundary as zD+2ν .
Note that the quantity αx1/z is the proper distance from the brane measured by an observer
with a fixed value of the coordinate x1. This observer is at rest with respect to the brane.
The geodesic distance σ(x, x′) between the points x = (t, 0,x, z) and x′ = (t, x1,x, z) is given
by the relation cosh(σ(x, x′)/α) = 1 + (x1/z)2/2. At large distances from the brane one gets
(x1/z)2 = eσ(x,x
′)/α.
In figure 1 we have plotted the brane-induced contribution in the VEV of the field squared
for D = 4 conformally (left panel) and minimally (right panel) coupled scalar fields, as a function
of the proper distance from the brane (measured in units of the AdS curvature radius). The
numbers near the curves correspond to the values of the ratio β/z. The dashed lines correspond
to Dirichlet and Neumann boundary conditions. The graphs are plotted for mα = 0.5. A
feature obtained from the asymptotic analysis above is seen: Neumann boundary condition is
an ”attractor” in a general class of Robin conditions for points near the brane, whereas Dirichlet
boundary condition is an ”attractor” at large distances.
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Figure 1: The boundary-induced part in the VEV of the field squared versus the proper distance
from the brane for D = 4 conformally (left panel) and minimally (right panel) coupled scalar
fields with mα = 0.5. The numbers near the solid curves correspond to the values of the ratio
β/z and the dashed curves are for Dirichlet and Neumann boundary conditions.
4 Vacuum energy density and stresses
Having the Wightman function and the mean field squared, the VEV of the energy-momentum
tensor is evaluated by making use of the formula
〈Tik〉 = lim
x′→x
∂i∂
′
kW (x, x
′) +
[
(ξ − 1/4) gik∇l∇l − ζ∇i∇k − ζRik
]
〈ϕ2〉, (42)
where Rik = −Dgik/α2 is the Ricci tensor for AdS spacetime. In defining the right-hand side
of this formula we have used the expression for the energy-momentum tensor for a scalar field
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which differs from the standard one (given, for example, in [13]) by a term that vanishes on the
solutions of the field equation (see [24]). Similar to the VEV of the field squared, the vacuum
energy-momentum tensor is decomposed into boundary-free and boundary-induced parts:
〈Tik〉 = 〈Tik〉0 + 〈Tik〉b. (43)
As a consequence of the maximal symmetry of boundary-free AdS spacetime and of the vacuum
state under consideration, one has 〈Tik〉0 = const ·gik. Hence, the corresponding vacuum energy-
momentum tensor is completely determined by its trace. The boundary-free energy-momentum
tensor 〈Tik〉0 is well investigated in the literature (see, for instance, [16]) and in what follows we
shall be concerned with the brane-induced contribution, 〈Tik〉b.
For the covariant d’Alembertian acted on the brane-induced part of the field squared we find
∇l∇l〈ϕ2〉b = −2
−2ν−1α−D−1
(4pi)(D−1)/2
∫ ∞
0
dxxe−2xx
1/z βx/z + 1
βx/z − 1Bˆ(x)x
D+2νFD/2ν (x), (44)
with the differential operator
Bˆ(x) = ∂2x −
D − 1
x
∂x + 4. (45)
By making use of the expressions for the boundary-induced contributions in the Wightman
function and in the VEV of the field squared, Eq. (32), from (42) for the diagonal components
in the region x1 > 0 one gets (no summation over i = 0, 1, . . . ,D)
〈T ii 〉b = −
(4pi)(1−D)/2
22ν+1αD+1
∫ ∞
0
dxxe−2xx
1/z βx/z + 1
βx/z − 1
×
[
Aix
D+2νFD/2+1ν (x) + Bˆi(x)x
D+2νFD/2ν (x)
]
, (46)
with the notations
Ai = 1/2, i = 0, 2, . . . ,D − 1,
A1 = 0, AD =
1−D
2
, (47)
and
Bˆi(x) =
ξ1
4
Bˆ(x) +
ξ
x
∂x − ξD
x2
, i = 0, 2, . . . ,D − 1,
Bˆ1(x) =
ξ1
4
Bˆ(x) +
ξ
x
∂x − ξD
x2
− ξ1, (48)
BˆD(x) =
1
4
Bˆ(x)− ξD
x
∂x + ξ1 +
D2ξ −m2α2
x2
.
Here and in what follows, we use the notation ξ1 = 4ξ − 1. The diagonal components are
symmetric under the reflection x1 → −x1 with respect to the brane: they are given by the
expression (46) with x1 replaced by |x1|. The vacuum stresses along the directions parallel to
the brane are equal to the energy density. This property is a consequence of the invariance with
respect to the Lorentz boosts along those directions.
In addition to the diagonal components, the vacuum energy-momentum tensor has off-
diagonal components 〈T 1D〉b = 〈TD1 〉b. For the latter one gets
〈T 1D〉b =
(4pi)(1−D)/2
22ναD+1
∫ ∞
0
dx e−2xx
1/z βx/z + 1
βx/z − 1
[(
1
4
− ξ
)
x∂x − ξ
]
xD+2νFD/2ν (x). (49)
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This off-diagonal component changes the sign under the reflection x1 → −x1. Similar to the
case of the field squared, the mean energy-momentum tensor depends on the coordinates x1,
z, and on the parameter β in the form of the ratios x1/z and β/z. The first of these is the
proper distance from the brane measured in units of the curvature radius α. Note that for the
derivatives appearing in (46) and (49) one has the relations
∂x[x
D+2νFD/2ν (x)] = x
D+2ν−1[FD/2ν (x) + 2F
D/2−1
ν (x)],
∂2x[x
D+2νFD/2ν (x)] = 2x
D+2ν−2[3FD/2−1ν (x) + 2F
D/2−2
ν (x)]. (50)
Here we have used the formula ∂z
[
zb 1F2 (a; b+ 1, 2a; z)
]
= bzb−1 1F2 (a; b, 2a; z) with a = ν +
1/2.
By using the expressions given above, we can see that the boundary-induced contributions
obey the trace relation
〈T ii 〉b = D (ξ − ξD)∇l∇l〈ϕ2〉b +m2〈ϕ2〉b. (51)
In particular, the brane-induced part is traceless for a conformally coupled massless field. The
trace anomalies are contained in the boundary-free part only. As an additional check for the
expressions given above, we can see that the covariant continuity equation ∇k〈T ki 〉b = 0 is
obeyed. For the geometry under consideration the latter is reduced to the following relations
∂1〈T 11 〉b + ∂D〈TD1 〉b −
D + 1
z
〈TD1 〉b = 0,
∂1〈T 1D〉b + ∂D〈TDD 〉b −
D
z
〈TDD 〉b +
1
z
D−1∑
k=0
〈T kk 〉b = 0. (52)
The Minkowskian limit for the VEVs of the energy-momentum tensor is considered in a way
similar to that for the VEV of the field squared. By using the asymptotic expression (35), to
the leading order for the diagonal components we get (nu summation over i) 〈T ii 〉b ≈ 〈T ii 〉(M)b ,
where for a plate in Minkowski spacetime one has (see [22])
〈T ii 〉(M)b = −
(4pi)−D/2
Γ(D/2)
∫ ∞
m
du e−2xx
1 βu+ 1
βu− 1
(
u2 −m2)D/2−1 [4 (ξ − ξD)u2 −m2/D] , (53)
for i = 0, 2, . . . ,D and 〈T 11 〉(M)b = 0. For the leading term in the off-diagonal component we find
〈T 1D〉b ≈ −
2 (4pi)−D/2
Γ(D/2)α
∫ ∞
0
duue−2ux
1 βu+ 1
βu− 1
(
u2 −m2)D/2−2
× [D (ξ − ξD) u2 + (1/4− 2ξ)m2] , (54)
and it vanishes in the Minkowskian limit. Note that for the normal stress one has 〈T 11 〉b =
O(1/α2). For a conformally coupled massless field, the Minkowskian limit of the VEV of the
energy-momentum tensor vanishes for a single plate.
In the case of Dirichlet and Neumann boundary conditions it is convenient to evaluate the
VEV of the energy-momentum tensor by using the formula (42) with the Wightman function
from (18). For the boundary-induced contributions in the diagonal components we find (no
summation over i)
〈T ii 〉b = ±
pi−D/2α−D−1
2D/2+ν+1
[Cˆi(u)−Dξ]fν(u), (55)
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where, as before, the upper/lower sign corresponds to Dirichlet/Neumann boundary condition
and u is defined in accordance with (34). In (55), Cˆi(u) are the second order differential operators
defined by the expressions (i = 0, 2, . . . ,D − 1)
Cˆi(u) = ξ1
(
u2 − 1) ∂2u +
[
4ξ − 2 +
(
D + 1
2
ξ1 − 1
2
)
(u− 1)
]
∂u,
Cˆ1(u) = ξ1 (u− 1)2 ∂2u +
(
D + 1
2
ξ1 − 1
2
)
(u− 1) ∂u,
CˆD(u) = 2ξ1 (u− 1) ∂2u +
[
4ξ − 2 + D
2
ξ1 (u− 1)
]
∂u, (56)
with ξ1 = 4ξ − 1. For the off-diagonal component one gets
〈T 1D〉b = ±
2α−D−1x1/z
2D/2+ν+1piD/2
[
ξ1 (u− 1) ∂2u + (2ξ − 1) ∂u
]
fν(u). (57)
The second derivatives in (55) and (57) can be excluded by using the differential equation for
the function fν(u). The latter is obtained by using the definition (15) and the equation for the
function 2F1. In this way we can see that
[
(
u2 − 1) ∂2u + (D + 1) u∂u +D2/4− ν2]fν(u) = 0. (58)
As an additional check, by making use of (58), it can be shown that the VEVs (55) and (57)
obey the trace relation (51).
Let us consider the asymptotic behavior of the vacuum energy-momentum tensor near the
brane and at large distances for general case of Robin boundary condition. For points near the
brane, x1/z ≪ 1, the dominant contribution to the integral in (46) comes from large values
of x. The corresponding asymptotic of the function Fµν (x) was given by (37). Assuming that
x1/|β| ≪ 1, in the leading order we find (no summation over i = 0, 2, . . . ,D)
〈T ii 〉b ≈
2D (ξD − ξ) Γ((D + 1)/2)
pi(D+1)/2 (2αx1/z)D+1
,
〈T 11 〉b ≈ −
D (ξD − ξ) Γ((D − 1)/2)
4pi(D+1)/2 (2αx1/z)D−1
, (59)
for the diagonal components and
〈T 1D〉b ≈
D (ξD − ξ) Γ((D + 1)/2)
pi(D+1)/2α(2αx1/z)D
, (60)
for the off-diagonal component. For Dirichlet boundary condition (β = 0) the asymptotic
expressions are given by (59) and (60) with the opposite signs. For fixed x1, the expressions in
(59) and (60) give the leading terms near the AdS horizon. In particular, from (59) it follows
that the energy density diverges on the horizon as zD+1. Note that in the evaluation of the total
energy induced by the brane, Eb =
∫
dDx
√
|g|〈T 00 〉b, an additional factor 1/zD+1 comes from
the volume element.
At large distances from the brane, x1/z ≫ 1, the main contribution to the integrals in
(46) and (49) comes from the region near the lower limit of the integration. Assuming that
|β|/x1 ≪ 1, for the diagonal components we get (no summation over i)
〈T ii 〉b ≈
α−D−1BiΓ(D/2 + ν)
piD/2Γ(ν)(2x1/z)D+2ν
, (61)
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where Bi = (ξ − 1/4) (D + 2ν) + ξ for i = 0, . . . ,D − 1, and BD = −DB0/(2ν). For the
off-diagonal component one finds
〈T 1D〉b ≈
2α−D−1B0Γ(D/2 + ν + 1)
piD/2Γ(1 + ν) (2x1/z)D+2ν+1
. (62)
As is seen, at large distances the off-diagonal component is suppressed by an additional factor
x1/z. For Neumann boundary condition, β = 0, the asymptotics at large distances are given
by the expressions (61) and (62) with the opposite signs. As in the case of the field square, at
large distances one has a power-law decay instead of exponential one for the problem with a
massive field in Minkowski bulk. From (61) and (62) it follows that, for fixed x1, the diagonal
components vanish on the AdS boundary as zD+2ν . The integrand in the expression for the
total energy induced by the brane, Eb, near the horizon behaves like z
2ν−1 and the integral over
z converges at z = 0 for ν > 0.
The figure 2 displays the boundary-induced part in the VEV of the energy density for the
cases of D = 4 conformally (left panel) and minimally (right panel) coupled scalar fields as
a function of the ration x1/z (proper distance from the brane measured in units of the AdS
curvature radius). The dashed lines correspond to Dirichlet and Neumann boundary conditions.
The numbers near the solid curves correspond to the values of the ratio β/z. The graphs are
plotted for mα = 0.5.
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Figure 2: The vacuum energy density induced by a brane as a function of the proper distance
measured in units of the AdS curvature radius. The graphs are plotted for D = 4 conformally
(left panel) and minimally (right panel) coupled scalar fields with mα = 0.5. Dashed curves
correspond to Dirichlet and Neumann boundary conditions and the numbers near the solid
curves are the values of the ratio β/z.
5 Conclusion
In the present paper we have investigated quantum effects induced by a flat brane for a scalar
field in background of AdS spacetime. The brane is perpendicular to the AdS boundary and
the field operator obeys Robin boundary condition on it. We consider a free field theory in AdS
spacetime and all the information on the vacuum state is contained in the two-point functions.
As such a function, the positive-frequency Wightman function is chosen, which also determines
the response of the Unruh-DeWitt-type particle detectors. We have provided an expression for
the Wightman function in which the contribution induced by the brane is explicitly separated
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from the pure AdS one and is given by the second term in the right-hand side of (17). This allows
to reduce the renormalization procedure for the local VEVs, at points away from the brane, to
the one in AdS spacetime in the absence of the brane. The latter problem is well discussed in
the literature. The expression for the Wightman function is further simplified in special cases
of Dirichlet and Neumann boundary conditions and is given by (18). For a fixed value of the
proper distance from the brane, near the AdS boundary, the Neumann boundary condition is
an ”attractor” in the general class of Robin boundary conditions, whereas Dirichlet boundary
condition is an ”attractor” near the horizon. We have also evaluated the bulk-to-boundary
propagator which plays an important role in the discussions of the AdS/CFT correspondence.
Similar to the case of the Wightman function, the corresponding expression is decomposed into
the boundary-free and brane-induced contributions.
As an important characteristic of the quantum vacuum, in section 3 we have studied the
mean field squared. The brane-induced contribution in this VEV is presented in the form (32)
where the function Fµν (x) is defined by (31). This contribution depends on the coordinates x1, z
and on the paramater β in the Robin boundary condition in the form of the ratios x1/z and β/z.
This property is a consequence of the maximal symmetry of AdS spacetime. For Dirichlet and
Neumann boundary conditions the integral in (32) is expressed in terms of the hypergeometric
function and the corresponding formula simplifies to (33). As an additional check of the results
derived, we have shown that in the limit α→∞ the corresponding expression for a Robin plate
in Minkowski spacetime is obtained. The boundary-induced VEV diverges on the brane with
the leading term given by (39) for non-Dirichlet boundary conditions. For Dirichlet boundary
condition the leading term has the opposite sign. For points near the brane, the influence of the
gravitational field on the VEV is small and the leading term coincides with that in Minkowski
spacetime. The influence of gravity is crucial at the proper distances from the brane larger
than the AdS curvature radius. In this limit, for non-Neumann boundary conditions the leading
term in the corresponding asymptotic expansion has the form (41). For Neumann boundary
condition the same expression is obtained with the opposite sign. For AdS bulk the decay of the
boundary-induced contribution at large distances from the brane is power-law for both massless
and massive fields. This is in clear contrast with the case of the problem in Minkowski spacetime,
where the boundary-induced VEV for a massive field decays exponentially. For a given x1, the
brane-induced contribution in the VEV of the field squared vanishes on the AdS boundary as
zD+2ν and diverges on the horizon like zD−1.
Another important quantity, characterizing the vacuum fluctuations in the presence of the
brane, is the VEV of the energy-momentum tensor. The boundary-induced contributions in the
diagonal components are given by (46). The vacuum stresses along the directions parallel to
the brane are equal to the energy density. In addition to the diagonal components the vacuum
energy-momentum tensor has an off-diagonal component defined by the expression (49). The
formulas for the components of the vacuum energy-momentum tensor are further simplified for
the cases of Dirichlet and Neumann boundary conditions (see (55) and (57)). We have explicitly
checked that the brane-induced parts obey the trace relation (51) and the covariant conservation
equation. The latter is reduced to the relations (52). In the limit of large values for the AdS
curvature radius, to the leading order, for the energy density and parallel stresses we obtain the
corresponding result in Minkowski bulk. In this limit, the off diagonal component and the normal
stress behave like 〈T 1D〉b ∝ 1/α and 〈T 11 〉b ∝ 1/α2. For proper distances from the brane smaller
than the AdS curvature radius, with an additional assumption that x1/|β| ≪ 1, the leading
terms in the asymptotic expansion over the distance are given by (59), (60) for non-Dirichlet
boundary conditions. For Dirichlet boundary condition the leading asymptotic is given by the
same expressions with the opposite sign. The leading terms vanish for a conformally coupled
field and in this case the divergences on the brane are weaker. At large proper distances from
the brane and for non-Neumann boundary conditions, the diagonal components of the vacuum
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energy-momentum tensor decay like (z/x1)D+2ν and the off-diagonal component behaves as
(z/x1)D+2ν+1. In the case of Neumann boundary condition the asymptotics have the opposite
sign. For fixed x1, the diagonal components decay on the AdS boundary as zD+2ν and diverge
on the horizon as zD+1.
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